We consider a class of singular perturbation elliptic boundary value problems depending on a parameter ¢ which are classical for
Introduction
This paper is devoted to the theory and computation of a singular perturbation boundary value elliptic problem of the general variational form of the boundary. It follows that the limit problem is out of the general theory of elliptic boundary value problems. Let us recall that the Shapiro -Lopatinskii condition amounts to the impossibility of existence of local solutions (of the "frozen" problem at a point of the boundary) which are sinusoidal along the boundary and exponentially decaying in the normal coordinate towards the domain. It appears that the structure of the limit variational problem is drastically non classical. As a matter of fact, the energy space for the variational formulation of the limit problem is the completion of In recent times, it appeared that Fourier transform techniques in the direction tangent to the boundary bearing the "pathological boundary condition" allow in certain cases to understand why and how the solutions go out of the distribution space (see [18] , [19] and [20] ). In that papers, Fourier transform and computations "by hand" (or almost) with very special forms 0 and B give the asymptotic behavior using the fact that the Fourier transform of (general, not tempered) distributions are analytic functionals (not distributions) allowing to handle the limit problem and the asymptotic process for fairly general loadings H . The most striking property of that problem is the complexification phenomenon. As the limits are out of the distribution space, the sequences of solutions become more and more entangled as R decreases. But this process is very slow, in fact it is associated with the new parameter This kind of singular perturbations appears in thin shell theory when the middle surface of the shell has everywhere both principal curvatures of the same sign and it is fixed or clamped by a part of its boundary and free by the rest. The boundary conditions on the free boundary do not satisfy the Shapiro -Lopatinskii condition (see for instance [15] , Proposition VII 3.10, p. 238). In that case, D S 2! 2 # " 2 % $ & $ & $4 [13] . The motivation of this paper is two -fold. First, we generalize the methods and results of [20] (and of [18] and [19] ) to more general loadings and equations. In particular, the perturbation is now "singular" in the classical sense that the order of differentiation of the limit problem is lower than that of the problems with R ¡ S . Moreover, concerning the formal asymptotics, it appears that it is very general, whatever the loading. This point is important, as the heuristics of the formal asymptotics is more or less evident for loadings applied on the boundary bearing the "pathological" boundary conditions (such as those considered in the above quoted literature), but it holds true in very general loadings, for which it is not evident. Similarly, the emergence of the new (moderately large) parameter R appears as fairly general. In any case, our aim is not to construct a general theory of that kind of singular perturbations, but rather to handle point examples helping us to understand the general structure of the asymptotic phenomenon in the very difficult framework of shells. In this context we obtained two asymptotic properties of the solution. The first one is the trend of the of the boundary where the Shapiro -Lopatinskii condition is and is not satisfied, respectively (see Remark 4.2) . The second one is a reciprocity property between the point of application of the loading and the point of observation of the solution (see Remark 4.3) . The second motivation of this paper is to develop "classical" (i. e. non -sensitive) singular perturbations using the same kind of methods (Fourier transform) in order to allow easy comparisons with the sensitive case. Once more, we only consider some chosen examples, not trying to develop classical singular perturbation theory in the framework of Fourier transform. Up to our knowledge, the problems addressed in that part of the paper (Sections 5 and 6) are known. Our method (Fourier transform) seems to be new, and this gives a new insight allowing comparisons with the previous part. Accordingly, these two sections are written avoiding details which should often be redundant with the previous part. As a matter of fact, the convergence results (perhaps in other topologies) are well known when the loading is in the dual of the energy space of the limit problem, allowing a treatment by a priori estimates and variational theory (see [11] and [8] ). In the case when the loading is not in , describing directly the structure of the layer (see theorem 6.1, which probably gives a new insight on this kind of layers).
Let us comment about a point that may be a little misleading for the reader. This paper contains mathematically rigorous parts as well as formal (heuristic) approximations in order to give understandable descriptions of the asymptotics and numerical computations of it. For instance, we often consider (hereafter ¢ denotes the Dirac mass) loadings first one allows computations "by hand" which are exact and help us to understand the very structure of the asymptotics. The second one allows rigorous proofs of certain limit processes. In principle, there is no rigorous logical interaction between both patterns, even if the presentation mixes them a little. Another point is that, in order to avoid complexes in the Fourier transforms (and then simplify the computations and figures), we only deal with real even functions, which have (direct and inverse) real and even Fourier transforms. In particular, the loadings are mainly
-like but obviously, solutions for other loadings may immediately written by convolution. Accordingly, real expressions are sometimes written instead of complex expressions. This allows us to interpret certain variational formulations in terms of minimization of real functionals.
The paper is organized as follows. Sections 2 contains a study of the limit problem (with "pathological" boundary conditions) via Fourier transform. It only differs from sect 2 of [20] in the applied loading. Section 3 contains the singular perturbation problem and the convergence theorems of the solutions and of their Fourier transforms. For obvious reasons the topology of these convergences is "very poor" and an approximate description of the solution with small is necessary to have a good insight of the asymptotic phenomenon. This is done in Section 4. The "classical case" when the boundary conditions satisfy the Shapiro -Lopatinskii condition are addressed in Sections 5 and 6, the former contains the limit problem and the latter, the singular perturbation.
Notations are standard. We denote
It should be noted that if is a function that only depends on
will also denote the derivative . As several (equivalent) definitions of the Fourier transform are found in current literature, we should specify that we use . For the sake of simplicity and without essential restriction, we shall mainly deal with real and even functions, which have real and even Fourier transforms. 
We consider the following variational problem
where the space $ § is the "energy space" with the essential boundary conditions
which is defined as the completion with the norm
of the set of is well defined in a somewhat abstract way. But obviously the Cauchy elliptic problems are ill -posed (so that "very large" ' may correspond to "very small" ' , see for instance [2] or [6] ). In fact, $ § is a "very large space" not contained in the distribution space D© 1 4
(see [12] and [5] ). This point will not be explicitly addressed here, but it will be (more or less) apparent from the forthcoming developments. 
Moreover, after a formal integration by parts, we easily deduce that the classical formulation of problem (2.2) is :
Remark 4. We note that under this "classical" ( = non variational) form, the problem makes sense for more general loadings , but they do not satisfy the Shapiro -Lopatinskii condition (see for instance [1] or [3] ). Indeed, considering the upper half plane
, and the equation
with the boundary conditions
and, taking the Fourier transform in the £ ¡ direction, we get:
with the boundary conditions In order to avoid problems explained in Remark 5, we will first consider the £ ¡ Fourier transform of the previous boundary value problem (2.5) with a load given by (2.6). The new problem is an ODE, which depends on a parameter " and which has solutions for any value of the parameter. Next, taking the inverse Fourier transform, we shall obtain solutions of (2.5) in the space of analytical functionals Z© . In that case, using the Fourier transform of (2.5) with respect to , we obtain the following boundary value problem for
We note that it belongs to¨©
. In that case, the boundary value problem (2.7) becomes
Recalling first that solutions of
we deduce that solutions of (2.9) are functions at the right hand side of (2.9) may be described in terms of the jumps and we see that . This follows easily from the analyticity with respect to " of the bilinear form associated with the boundary value problem (2.9), (see [9] and more precisely [14] sect. V.4 if necessary).
We note that for all , not at the point where the loading is applied. This behavior, which does not agree with classical theory of elliptic partial differential equations is exhibited in Fig. 4 hereafter.
In the sequel, we will consider . By inspection of (2.17) and (2.18) it is apparent that, up to exponentially negligible terms (for
, where we even may only consider the first term in (2.17) . In other words, within this approximation, the folding at £ @ D disappears and the function is also analytic in
Remark 8. In the case when the loading is given by:
and¨@ is the upper extremity of that support. Consequently, the behavior of
at infinity is exponential and
is a non tempered distribution. Furthermore, using again a convolution argument, the conclusion is also valid for general data (provided their Fourier transform do not vanish exponentially as
3 Singular perturbation with "unadapted boundary conditions" in the limit problem
Let us now consider the variational problem depending on the parameter
R T S
given by
where 0 is still given by (2.1) and
for some integer £ "
. In the sequel, we will take £ D § without loss of generalty. In this case, the energy space 
with the norm
be defined as follows
Remark 9. Due to Poincaré inequality (used three times), the identity between spaces,
is easily proved.
Moreover, using again Poincaré's inequality, we have
so that the constant of coerciveness tends to zero as 
R D S
the problem was considered in the previous section (see Remark 8) .
From the previous variational formulation (3.1), the classical formulation is deduced by an integration by parts:
with the (essential) boundary conditions on
and the (natural) boundary conditions on
Remark 10. The previous perturbation is singular in the classical sense since the new added term contains derivatives of order , which is larger than © for the unperturbed problem. Moreover, the perturbed problem is elliptic. Indeed, the principal order is
, so that, the principal symbol is , but for simplicity, we will not mention it in the notation when no confusion arises.
We shall consider here a given force of the form .7), (3.8) and (3.9), we obtain the (dependent on the parameter
As we shall see, this is a classical Lax -Milgram boundary value problem; its variational formulation, which follows from standard integration by parts is:
The rest of this section is organized as follows. First, for all fixed and finite value of " , we prove the existence and uniqueness of the solution of problem (3.15). Next, we shall prove the convergence of the sequence 
. In order to establish the coerciveness character of the previous expression, using the variation of parameter method, we solve for some given
the following equation:
We observe that
hence, The proof of Lemma 3.2 is immediate using merely the last term in (3.11) and Poincaré's inequality three times. Let us now prove that
is the solution of the following variational problem (which is nothing but the variational formulation of the limit problem (2.7)):
Using the uniqueness of the solution of problem (3.27), this will give the convergence of the whole sequence.
Recalling (3.25), we see that . Under these hypotheses, by inspection of (3.15) on account of (3.10) and (3.11) it appears that the main term is . A rigorous statement of this property is given by the next theorem. Its proof is a mere adaptation of classical singular perturbation theory, close in particular to Lemma 3.3. 
4P2
and recalling the weak convergences, we deduce the strong convergence.
Emergence of a new small parameter in the previous problem and formal asymptotics
This section has a formal character. Its goal is to get an easily understandable description of . In order to allow explicit computations, we shall take
and then out of the framework of the previous considerations; but this point is not essential (see later Remark 15) Referring to (3.15) with the © specified in (4.5), the problem amounts to the minimization of the functional
. We shall now use general features of minimization of functionals depending on parameters under various hypotheses (they are more or less intuitive, but we may refer to [16] on the whole interval
. It then appears that, when imposing the (essential) boundary conditions on £ @ D S the subspace reduces to the S vector, so that this first idea is too coarse for describing the asymptotics.
We are then enlarging that subspace. To this end, we know that the (exact) solution satisfies the homogeneous equation . Going on with our approximation, we may consider (see for instance [20] for details) that the two roots close to We now have at our disposal a four -dimensional space (instead of the twodimensional one (4.7)) and prescribing the (essential) boundary conditions (3. where it should be noted that the last term is small with respect to the others, so that it should also be discarded; we only keep it in order to show that the boundary conditions at
are (approximatively) satisfied; in fact, that term is a narrow boundary layer near
, but it will not play any role in the sequel.
Remark 12. It should be noticed that this result (which is the main one of our formal asymptotics) is independent of the point¨of application of the point loading. Accordingly, it may be used for general loadings, which may be obtained by integration of elementary loadings with variable¨"
The approximate solution of the minimization problem is now immediate as it is reduced to the one -dimensional space (4.15). Writing using the free scientific computing package scilab (http://www.scilab.org). We include a sequence of four graphics. Since the functions we are studying are real and even, the fourier transform is also real and even, and we only represent the functions for positive
The first series of numerical experiments, (Figures 1,2,3 where the loading is applied. In fact, in the present situation, the singular behavior is somewhat "non local" as it is mainly localized in the vicinity of the boundary bearing the pathological boundary conditions rather than on the support of the loading.
Remark 17. It should be noted that these results are close to those of [18] , [20] . It then appears that the singular behavior is not very dependent on the perturbation terms.
An elliptic problem with "adapted" boundary conditions
In this second part of the paper, we consider elliptic problems with "adapted" boundary conditions and we compare the obtained results with what was found in the first part. We will consider two kinds of loads, belonging and not belonging to the dual of the energy space of the limit problem. Let 0 ¡ be the bilinear form given by:
We shall study the variational problem
where the space $ § is again the "energy space" with the essential boundary conditions
which is the completion with the norm Let us now go further into details. We first consider (5.6). The Fourier transform of (5.5) with respect to £ ¡ , yields to the following boundary value problem which depends on the parameter
Recalling first that solutions of 
Singular perturbation of the elliptic problem with "adapted" boundary conditions
We now consider the perturbated problem or, equivalently, the oscillations with wave length smaller than
